ABSTRACT. We show that [BU, coker J] 5¿ 0 but that there are no infinite loop maps from BU to coker J. The proofs involve the Segal conjecture.
We now recall some facts relating to the Segal conjecture. First, the Segal conjecture for finite groups G gives a natural isomorphism between 1(G), the completion of the augmentation ideal of the Burnside ring of G with respect to itself, and ■Kg(BG), the 0th reduced stable cohomotopy of the classifying space of G. Corollary 3.2 of [F] shows that 7r°BU(n) « Urn (/(E" I Z/ak))s where the inverse limit is over any sequence of integers Ofc s.t. Vkak\ak+i and for each m G N 3fc s.t. m\ak-S denotes the stable elements. Hence 7r°(BU)^hjn(/(En?Z/afc))s. n fc To show that this is nonzero we find an element X in the inverse limit which projects to a nonzero element in /(E2 ¡ Z/2). This element is obtained by considering the Burnside rings of the compact Lie groups U(n), denoted by A(U(n)), as defined by torn Dieck [D] . Let N(n) = E"cU(l) be the normalizer of the maximal torus U(l)™ in U(n). Then the U(n) space U(n)/7V(n) represents an element in A(U(n)). Since x(U(n)/iV(n)) = lwe have [\J(n)/N(n)] -1, denoted by Xn, is an element in the augmentation ideal 7(U(n)) and hence represents an element in J(U(n)) which we also denote by Xn ■ Suppose H is a closed subgroup of a compact Lie group G. Let p(H,G):A(G) -y A(H) be the restriction map given by considering a G space to be an H-space.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use LEMMA 3. The elements {Xn} represent an element in lim/(U(n)) and hence in lim J(U(n)). That is, p(\J(n -l),U(n))(X") = Xn_i.
PROOF. This follows from the double coset theorem for the transfer [D] . Here g is any representative in G of M, H9 = gHg~x, and Cg is the conjugation isomorphism A(H) -» A(H9). We apply this to the case where K = U(n -1),H = N(n) and G = U(n), as in the following diagram:
By the double coset formula,
Now [K/H9 n K] = 0 if Hg n K is not of finite index in its normalizer in K [D] . Using this we shall see that the sum reduces to one term. If a G U(l), then aln-i, denoted q, is in the center of U(n -1). We also note that each right coset gH of U(n) contains an element with bottom row of the following kind. First all entries are real and secondly they are nondecreasing from left to right. This follows since elements of H act by permuting the columns of g and multiplying entire columns by a complex number of norm one. We assume that g is of the form. Assume ágH = gH, i.e. a G H9 n K. Suppose g £ U(n -1). Then the bottom row of g has more than one nonzero entry. It follows that each of these nonzero entries lie in a column with more than one nonzero entry. Consider one such column c, say with bottom entry r. Since ágH = gH, we have ägh = g for some h G H. The effect of multiplication by a on c is to multiply the first (n -1) entries by a and leave the last entry r alone. The column remains in the same position. Since elements of H act by permuting columns and multiplying whole columns by a constant of norm one, the only way ägh = g is if h permutes the columns with entry r in the bottom row. Hence a71' = 1. Thus only a finite number of {â\a G U(l)} are in H9 f~l K. It follows that H9 n K is not of finite index in its normalizer in U(n -1). Hence unless g G U(n -1), [K/H9 n K] = 0.
Thus the sum simplifies to [K/H n K]. The coefficient x*{M) = 1 since M is a single orbit. It follows that p(Xn) = Xn-i, as claimed. REMARK. The argument reducing the double coset formula in this specific case to a single term also applies to the double coset formula for cohomology theories and underlies the proof of Theorem 4 of [F2], which in turn is used in [Sn] to calculate the stable homotopy type of BU(n).
The system {Xn} in lim/(U(n)) gives rise by restriction to an element in lim lim J(£n;Z/fc).
fc
To show that this is nontrivial we need only show that p(E2 ; Z/2,U(2))(X2) is not 0 in J(E2 ¡ Z/2). The advantage of looking at the image in J(£2 I Z/2) is that the J-adic completion of 1(G) equals the p-adic completion if G is a p-group [L] . Hence it suffices to show that the image of X2 in J(E2 ; Z/2) is nonzero.
We now calculate p(E2 ; Z/2, U(2))(X2). Recall that X2 = [U(2)/E2 I U(l)] -1.
The calculation amounts to analyzing U(2)/E2 ; U(l) as a E2 I Z/2 space, i.e. to understanding the double coset space E2 ¡ Z/2\U(2)/E2 I U(l).
It is easiest to think of the matrix representations of these groups. E2 I Z/2 consists of signed 2x2 permutation matrices (and is isomorphic to the dihedral group of order 8). It sits inside of E2 I U(l) = N, the normalizer of the diagonal maximal torus U(l) x U(l) in U(2). Since -I2 is in the center of U (2) 
3-[D/G]-[D/H]-[D/K] + [D/C]. Proposition 4. P(D,\J(2))[U(2)/N] Hence, p(D,U(2))(X2) ¿ 0 in Î(D).
PROOF. Each right coset of N in U(2) has a representative with top row real nonnegative and nonincreasing from left to right, since the elements of N act on U(2) on the right by switching columns and multiplying whole columns by complex numbers of norm 1. , and [6a_ _ba-] are equal we can assume n = eie where 0 < 6 < it/2. This gives rise to the interior of the triangle.
Hence the three vertices have isotropy subgroup D. The interior of the top edge has isotropy subgroup G, the interior of the vertical edge has isotropy subgroup K and the interior of the hypotenuse has isotropy subgroup H. The interior of the triangle has isotropy subgroup G. The formula follows by noting that x* of a point is 1, x# of an interior of a line segment is -1, and x# of an interior of a 2-simplex is 1. REMARK. Other calculations indicate that [BU, coker J] is a very complicated object. As pointed out above it is isomorphic to lim (/(£" I Z/k))s.
At odd ' n,k primes this is equivalent to lim G(U(n)) by the main theorem in [F] . Here G denotes a double completion of A. At the prime 2 [BU, coker J] surjects onto limG(U(n)) but may not be equal to it. The situation is vastly simplified if one only considers infinite loop maps from BU to coker J.
THEOREM 6. There are no infinite loop maps from BU to coker J.
PROOF. Segal has shown that every infinite loop map from BU factors through BU(1)=CP°° [S] . The result follows by noting that tt°(BU(1)) « /(U(l)) = 0.
This can be obtained from [R or F] .
